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4 Figure 9.5.1

Harry Bateman
(1882-1946)

Historical Note The term singu-
lar value is apparently due to the
British-born  mathematician Harry
Bateman, who used it in a research
paper published in 1908. Bate-
man emigrated to the United States
in 1910, teaching at Bryn Mawr
College, Johns Hopkins University,
and finally at the California Insti-
tute of Technology. Interestingly, he
was awarded his Ph.D. in 1913 by
Johns Hopkins at which point in time
he was already an eminent mathe-
matician with 60 publications to his
name,

UUmage: Courtesy of the Archives,

California Institute of Technology]

-'Fhe vect()fé Uy, U, , Wy are
ccalled the left singular vec-
“tors of A, and the veciors
V1, Vg, 0., v are called the
right singular vectors of A.
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9.5 Singular Value Decomposition 509

Before turning to the main result in this section, we will find it useful to extend the notion
of a “main diagonal” to matrices that are not square. We define the main diagonal of an
m X n matrix to be the line of entries shown in Figure 9.5.1-—it starts at the upper left
corner and extends diagonally as far as it can go. We will refer to the entries on the main
diagonal as the diagonal entries.

We are now ready to consider the main result in this section, which is concerned with
a specific way of factoring a general m x n matrix A. This factorization, called singular
value decomposition (abbreviated SVD) will be given in two forms, a brief form that
captures the main idea, and an expanded form that spells out the details, The proof is
given at the end of this section.

“ THEOREM 9.5.3 Singular Value Decomposition

IfAsis an mxn hzatr:zfx,,thén A can be expressed in the form

A=USVT

<

~Where U and V are orthogonal matrices and ¥ is an m X n.matrix whose diagonal
_entries.are'the singular values of A and whose other entries arezero: = . - 70

TH EOIR-E‘M 954 SmgularVaIueDe°° pOSltlon (ExpandedForm)
I Ais anm x 5 matrix of rank k, then A can be factored as

‘.;”,'C.'h U, T, and V ‘have sizes m x m, m X'il, and n x-n;,respéCIiVel)}:,-a{;d in
hich. R e e SR , St

V=[i.v .- : Vi) orthogonally dic‘vzgonalz»'z‘evs:ATA_' o o ;
The nonzero jdfagoﬁal‘élitrié.i_iofz are o1 = /A1, 02 = /Xy, .y 0k = gy

L Ciwhere M, Ay, ..., My are the nonzero eigenvalues of AA corresponding to the'
o :c:'oéumh vectors of V.. - P R e s
(€): - The.column vectors of V. are ,dfdez‘ d 50 that oy > oy >rev 3 o> 0.
r g e e e e PO
( - ‘_l ;:’—A‘V,‘ (I=1,2,,k)
(@ w» Uk}:is an orthonormal basis for col(A). :
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